Fractional differential equations have attracted considerable interest because of their ability to model anomalous transport phenomena. Space fractional diffusion equations with a nonlinear reaction term have been presented and used to model many problems of practical interest. In this paper, a two-dimensional Riesz space fractional diffusion equation with a nonlinear reaction term (2D-RSFDE-NRT) is considered. A novel alternating direction implicit method for the 2D-RSFDE-NRT with homogeneous Dirichlet boundary conditions is proposed. The stability and convergence of the alternating direction implicit method are discussed. These numerical techniques are used for simulating a two-dimensional Riesz space fractional Fitzhugh-Nagumo model. Finally, a numerical example of a two-dimensional Riesz space fractional diffusion equation with an exact solution is given. The numerical results demonstrate the effectiveness of the methods. These methods and techniques can be extended in a straightforward method to three spatial dimensions, which will be the topic of our future research.
Introduction
Reaction-diffusion models have found numerous applications in patten formation in biology, chemistry, physics and Engineering (see for example [1] ). These systems show that diffusion can produce the spontaneous formation of spatial-temporal patterns. The simplest reaction-diffusion model can be described by
where K is the diffusion constant and ( ) is a nonlinear function representing the reaction kinetics. It is interesting to observe that for ( ) = (1 − ), Eq. (1) reduces to the Fisher-Kolmogorov equation, and if we set ( ) = (1− 2 ), it reduces to the real Ginsburg-Landau equation. In the last decade, fractional models, because of their ability to model anomalous transport phenomena, have attracted considerable interest and have played a very important role in various fields of science and engineering. Recently, a growing number of works by many authors from various fields, such as system biology (see [2] ), physics (see [4] ), chemistry and biochemistry (see [3] ), finance (see [5] ), hydrology (see [6] ) and thermodynamics (see [8] ), deal with dynamical systems described by fractional differential equations. Fractional-order models provide an excellent instrument for describing the memory and hereditary properties of various processes. This is the main advantage of fractional models in comparison with their classical integer-order counterparts, in which such effects are neglected. Baleanu [9] discussed the fractional variational principles of constrained systems involving Riesz derivatives and investigated fractional EulerLagrange equations of two fractional Lagrangians which differ by a fractional Riesz derivative. Rabei et al. [10] presented fractional Hamiltonï£¡CJacobi formulations for systems containing Riesz fractional derivatives Jarad et al. [11] studied sequential Riesz-Caputo fractional variational problems with and without the presence of delay in the state variables and their derivatives. Baleanu et al. [12] introduced the fractional diffusion problem. Ochoa-Tapia et al. [13] proposed a fractional Darcy's law to simulate shear stress phenomena in heterogeneous porous media. Cushman et al. [15] proposed a fractional Fick's law to simulate diffusion phenomena in disordered porous media. These anomalous diffusion behavior may be due to different mechanisms. Cushman et al. [15] have used the fractional Darcy's law or fractional Fick's law to derive fractional models to describe diffusion or transport behavior in complex heterogeneous structures or disordered porous media. Many fractional models have presented symmetric space fractional diffusion equations with a nonlinear reaction term to model many problems of practical interest. Construction of a mathematical model incorporating reactions is straightforward for superdiffusive systems where diffusion is characterized by a spatial non-locality but no memory is presented by Del-CastilloNegrete in [16] . A random walk with a L´ vy distribution of jump lengths is described on large scales by a diffusion equation with a Riesz fractional derivative. Some space Riesz fractional diffusion equations have been proposed and used in natural systems including heterogeneous soils, aquifers, and rivers, is typically observed to be non-Fickian, also called anomalous (see [23] ). A onecomponent system is governed by the equation
where ∂ α ∂| | α is the Riesz fractional derivative. Chaurasia et al. [17] obtained the solution of a unified fractional reaction-diffusion equation associated with the Caputo fractional derivative used as the time derivative and a Riesz-Feller fractional derivative used as the space derivative. In this paper we consider the following two-dimensional space Riesz fractional diffusion equation with a nonlinear reaction term (2D-RSFDE-NRT):
with initial condition:
and zero Dirichlet boundary conditions:
Similarly, we can define the space Riesz fractional derivative 
An alternating direction method for the 2D-RSFDE-NRT
For the numerical simulation of equation (3), let = L / 1 and = L / 2 be the spatial grid size in the xdirection and in the y-direction, respectively; τ = T / be the time step; 
According to Lemma 3.2 in [19] and the zero Dirichlet boundary conditions, we have
A similar result holds in the -direction. Here [7] ( ) α
For the nonlinear reaction term, we use the following approximation:
Therefore the implicit numerical method for the 2D-RSFDE-NRT is determined by the following finite difference equation:
The implicit numerical method defined by (10) is consistent with order O(τ + + ).
Define the following fractional partial difference operator:
with similar definition for δ . With these operator definitions, the implicit Euler method for the 2D-RSFDE-NRT with homogeneous Dirichlet boundary conditions may be written in the following operator form:
Alternating direction implicit methods (ADIM) have been proposed for numerical simulations of classic partial differential equations. The ADIM reduce the multidimensional problem into a series of independent one-dimensional problem and are therefore computationally efficient. For the ADIM (and in similar fashion for the splitting method), the operator form is written in the following directional separation product form
which introduces an additional perturbation error equal to (τ) 2 δ δ . The additional perturbation error is not large compared to the approximation errors for the other terms in (11) , and hence (12) , which is called as ADIM or ADI-Euler method, is consistent with order O(τ + + ). Computationally, the ADI-Euler method defined by (12) can now be solved by the following iterative scheme. At time :
(1) First, solve the problem in the -direction (for each fixed ) to obtain an intermediate solution *
in the form
(2) Then solve in the -direction (for each fixed )
The initial and boundary conditions for the numerical solution and
are defined from the given initial and boundary conditions. Prior to carrying out step one of solving (13) , the boundary conditions for the intermediate solution *
should be set from Equation (14) (which incorporates the values of at the boundary), otherwise the order of convergence will be adversely affected. Specifically, for homogeneous Dirichlet boundary conditions (5), we have
Thus, we compute the boundary values for *
Stability and convergence of the ADIM
In this section, we discuss the stability and convergence of the implicit numerical method (12) . We need to rewrite (13) , (14) and (12) in matrix form [24] .
Thus Eq. (13) may be written in the matrix form
where
Similarly, Eq. (14) may be written in the matrix form
Equation (12) (19) where the matrices S and H represent the operators (1 − τδ ) and 1 − τδ , and 
, where the notation refer to the ( )th entry of the matrix B defined previously. To prove the stability and convergence of the numerical method, we need the following lemma in [24] .
Lemma 1.
If the matrix D = ( ) × satisfies the conditions
To discuss the stability of the numerical method, let us suppose that¯ (0 ≤ ≤ 1 ; 0 ≤ ≤ 2 ) is the approximation of the corresponding difference scheme , and ε =¯ − (0 ≤ ≤ 1 ; 0 ≤ ≤ 2 ) denotes the corresponding error. Let
2 ), and 
Proof. Since 
, and
Similarly, we have
Therefore A and B satisfy the condition of the Lemma.
(1) Now let us consider the stability of the implicit numerical method. Let
For the implicit finite difference method defined by (12) , the error satisfies 
Applying (26) repeatedly times, we obtain
Therefore the ADIM defined by (12) is unconditionally stable.
(2) Now let us consider the convergence of the ADIM defined by (12) . Let
According to the results from discussing the consistency of the implicit method defined by (12) in Section 2, we obtain the following error equation
and 0 = 0
Using (27), we obtain
Using the discretized Gronwall inequality, we obtain
Therefore the ADIM defined by (12) is convergent.
Application to two-dimensional space Riesz fractional FitzhughNagumo model
In this section, these numerical techniques are employed to simulate the two-dimensional space Riesz fractional Fitzhugh-Nagumo model. The FitzHugh-Nagumo represents one of the simplest models for studying excitable media [20, 21] . The propagation of the transmembrane potential in the nerve axon is modeled by a space Riesz fractional Fitzhugh-Nagumo model with a cubic nonlinear reaction term, whereas the recovery of the slow variable is represented by a single ordinary differential equation in the form given by [22] :
where we consider the following choice of model parameters, = 0 1, ε = 0 01, β = 0 5, γ = 1, δ = 0, which is known to generate stable patterns in the system in the form of reentrant spiral waves. In this simulation, we consider the initial conditions as with homogeneous Dirichlet boundary conditions:
In the simulations, the trivial state ( ) = (0 0) was perturbed by setting the lower-left quarter of the domain to = 1 and the upper half part to = 0 1, which allows the initial condition to curve and rotate clockwise generating the spiral pattern. The domain is taken as [0 : 2 5; 0 : 2 5], discretised using N = 256 points in each spatial coordinate, with a time step τ = 0 1 (see [22] ). Contour and wireframe surface plots of the stable rotating solution in the Fitzhugh-Nagumo model (i.e., α 1 = α 2 = 2) are shown in Figure 1 . Contour and wireframe surface plots of the stable rotating solution in the Riesz space fractional Fitzhugh-Nagumo model (α 1 = α 2 = 1 7 and α 1 = α 2 = 1 5) are shown in Figures 2 and 3 , respectively. The stable rotating solution at = 1000 is presented in Figures 1, 2 and 3 to illustrate the effect of the Riesz space fractional Fitzhugh-Nagumo model with zero Dirichlet boundary conditions, respectively. The width of the excitation wavefront is markedly reduced for decreasing fractional power α 1 = α 2 , so is the wavelength of the system, with the domain being able to accommodate a larger number of wavefronts for a smaller fractional power α 1 = α 2 . Contour and wireframe surface plots of the stable rotating solution in the Fitzhugh-Nagumo model (i.e., α 1 = α 2 = 2)
is shown in Figure 4 . Figures 1 and  4 show the effect of the diffusion coefficients K and K in the Fitzhugh-Nagumo model with zero Dirichlet boundary conditions at = 1000 (i.e., when α 1 = α 2 = 2). It is important to emphasise that the role of reducing the fractional power is not equivalent to the influence of a decreased diffusion coefficient in the pure diffusion case. This can be clearly observed by comparison of Figures 3  and 4 : for approximately the same width of the excitation wavefront, the wavelength of the system is larger in the fractional diffusion case, due to the long-tailed mechanisms of the space Riesz fractional operators. These results also illustrate the use of fractional diffusion as a modelling tool to characterize intermediate dynamic states not solely described by pure diffusion mechanisms.
For anisotropic diffusion ratios 
Numerical example
In order to demonstrate the effectiveness of our theoretical analysis, an example is presented that exhibits an exact solution. We assume ∆ = ∆ = ∆ = . Let ∞ express the maximum error of the numerical solution for ∆ = ∆ = ∆ = ; and let G = log 2 ( 2 ∞ / 2 ∞ ) reflect the convergence order of the method. Example. Consider the following two-dimensional Riesz space fractional diffusion equation with a nonlinear reaction term (2D-RSFDE-NRT):
with initial condition: (1 − ) 2 2 (1 − ) 2 , which can be verified by substituting directly into (35). Table 1 shows the maximum error for the numerical solution for the example with α = 1 5 at time = 1. The second column shows the maximum error between the exact solution and the numerical solution obtained by the ADIM (13) and (14) . The third column shows that the convergence is of the order O(∆ ) + O(∆ ) + O(∆ ). We conclude that the alternating direction implicit method is more computationally efficient than the standard implicit techniques solved using either direct or indirect methods, because the computational expense associated with the solution of the large dense matrix that is generated as a result of the two-dimensional discretisation is avoided (see [25] ). 
Conclusions
In this paper, a novel alternating direction implicit method is proposed for simulating the two-dimensional Riesz space fractional diffusion equation with a nonlinear reaction term (2D-RSFDE-NRT) subject to homogeneous Dirichlet boundary conditions. Consistency, stability, and convergence of the method has been established. These techniques are also used for simulating the two-dimensional Riesz space fractional Fitzhugh-Nagumo model. The numerical results demonstrate the effectiveness of these techniques. These methods and techniques can also be extended to other kinds of Riesz space fractional diffusion equation with a nonlinear reaction term in two-and three dimensions. 
